Abstract. In this paper, we study a class of boundary value problems (BVPs) with Robin conditions in some L p spaces for polyharmonic equation on Lipschitz domains. Utilizing polyharmonic fundamental solutions, these Robin BVPs are solved by the method of layer potentials. The crucial ingedients of our approach are the classical single layer potential and its higher order analog (which are called multi-layer S-potentials and introduced due to Du), and the main results generalize ones of second order (Laplacian) case (which are due to Lanzani and Shen) to higher order (polyharmonic) case.
Introduction
In classical potential theory, it is well known that three classes of boundary value problems for Laplacian are important. They are Dirichlet, Neumann and Robin problems stated respectively as follows Historically, there were a lot of investigations on these second order elliptic BVPs for different typed boundary data in various domains in R n or some certain manifolds [17, 18, 28] . Many theories and techniques were invented in order to attack these boundary value problems such as Green functions, subharmonic functions, potential theory, calculus of variations, Fredholm theory of integral equations and so on. Due to the techniques of modern harmonic analysis, in recent thirty years, there were a great deal of activities for studying these fundamental harmonic BVPs and related problems with minimal smoothness boundary data (such as, L p , H p , BMO etc.) in non-smooth domains (for instance, C 1 , Lipschitz domains etc.) in R n or some certain Riemann manifolds [6, 7, 9, 16, 19, 29] . Although the progress of harmonic boundary value problems is spectacular, the studies of polyharmonic boundary value problems are far from reaching a satisfactory level of good understanding. There are many differences about boundary value problems for Laplace (more generally, second order elliptic partial differential) equation and plolyharmonic (more generally, higher order elliptic partial differential) equation. For instance, it is well known that maximum principle is a crucial tool to assure the existence and uniqueness of second order BVPs, while there is not a good maximum principle in the general case of higher order partial differential equations [1, 22, 24] . So many methods developed for second order case will not be invalid in higher order case. To attach higher order elliptic BVPs, some new ideas and techniques must be introduced. In addition, the neccesary boundary conditions to obtain a well-posed theory of BVPs are determined in second order case more easily than higher order case since the optional boundary conditions of the latter are more plentiful than the ones of the former. Absence of positivity, abundance of boundary conditions and many other differences result in more difficulties in the investigation of polyharmonic (generally, higher order elliptic) BVPs than harmonic (in general, second order elliptic) BVPs. Just as the role of Laplace equation taking on the study of second order elliptic PDEs, polyharmonic equation is vital to the study for higher order elliptic PDEs as a model equation at least in the case of higher even order.
In 2008, Begehr, Du and Wang studied a class of polyharmonic Dirichlet boundary value problems (some times, also called Requier problems [26] ) with Hölder continuous data in the unit disc as follows
where 0 ≤ j < m, D is the unit disc in the complex plane, its boundary ∂D is the unit circle, and f j are Hölder continuous functions defined on ∂D. There they found that the solutions can be represented by some integrals in terms of some kernel functions and tried to utilize complex integrals method to explicitly formulate the kernels. However their techniques to obtain kernel functions are complicated and indeed valid only for some small m. In [11] , Du, Guo and Wang introduced some new ideas and got explicit expressions of the kernel functions in a unified way. From then on, these kernel functions are called higher order Poisson kernels because they are higher order analog of the classical Poisson kernel. Then Du and his collaborators also obtained higher order Poisson kernels of some regular domains such as the unit ball, the upper half plane and space, and applied higher order Poisson kernels to solve the corresponding polyharmonic Dirichlet problems (that is, the above PHD problem) in these regular domains ( [12] [13] [14] [15] ). Furthermore, in [10] , excepting the above polyharmonic Dirichlet problems with L p boundary data, Du also studied the polyharmonic Neumann and regularity problems on bounded Lipschitz domains and Lipschitz graph domains as follows:
where 0 ≤ j < m, D is a bounded Lipschitz domain or Lipschitz graph domain in
where 0 ≤ j < m, D is a bounded Lipschitz domain and Lipschitz graph domain in 1 domains in term of the inverse of the operator T and the single layer potential (The details can be seen in [21] and the L 2 case in the setting of Clifford analysis can be also seen in [20] due to Lanzani).
By applying some modern harmonic analysis techniques and the method of layer potentials, more earlier, Cohen, Gosselin, Dahlberg, Kenig, Verchota and Pipher and many others had already studied some boundary value problems for biharmonic and polyharmonic (even higher order elliptic) equations in non-smooth domains (mainly, Lipschitz and C 1 domains) [4, 8, [23] [24] [25] [30] [31] [32] . For example, in [8] , Dahlberg, Kenig and Verchota investigated the following biharmonic BVP (which is called Dirichlet problem by them; in fact, the boundary data of this BVP is a kind of mixed boundary value which is coupled by Dirichlet and Neumann boundary values) on Lipschitz domains:
where
is a constant depending only on the Lipschitz domain D, M (u) is the non-tangential maximal function of u which is defined in next section.
Taking the types of boundary values into consideration, whether Begehr, Du and Wang's or Dahlberg, Kenig, Verchota and Pipher's results are only one-case studies. They can not be included and inferred each other (So it does for almost all results on polyharmonic BVPs presented in the literature). In fact, they are respectively independent and non-intersecting in some sense although harmonic analysis techniques used by Verchota, Dahlberg and Kenig et al. to solve the corresponding BVPs are very sophisticated and look like very awful.
In present paper, we will also do a one-case study for BVPs for polyharmonic equations in L p on Lipschitz domains. More precisely, we will solve the following polyharmonic Robin problems:
Our approch is based on the second order results in [21] due to Lanzani and Shen and the theory of multi-layer S-potentials constructed in terms of polyharmonic fundamental solutions in [10] due to Du.
Preliminaries
In this section, we give some notations and recall some basic results on multilayer S-potentials and harmonic Robin problem which will be applied throughout the paper.
Let D be a bounded Lipschitz domain in R n , n ≥ 3. That is, D is a bounded and connected domain with connected boundary ∂D, and ∂D is locally the graph of a Lipschitz domain. More precisely, for any Q ∈ ∂D, there exists a circular coordinate cylinder Z r (Q) = {X = (x, x n ) ∈ R n : |x| < r, |x n | < (1 + L)r} with L, r > 0 which is centered at Q (viz., Q = 0 in this cylinder) and whose bases has positive distances from ∂D, and Lipschitz functions ϕ Q :
, where x = {x 1 , . . . , x n−1 } ∈ R n−1 . By (iv) and Q = 0, ϕ Q (0) = 0. This requirement always can be attained by some translations and rotations of the circular coordinate cylinders. Let L = sup Q∈∂D L Q , by compactness, it is easy to see that L is finite. L is usually called the Lipschitz constant (or Lipschitz character) of D.
If
Sometimes some investigations of elliptic BVPs were considered on Lipschitz graph domains (see [6, 10, 23] ).
Let Γ γ (Q) denote the non-tangentially cone-shaped region with vertex at Q ∈ ∂D in D,
in which γ > 1. The non-tangential maximal functions of F are defined as follows:
The non-tangential limit of F means that lim X→P X∈Γγ (P ),P ∈∂D F (X) exist. It is worthy to note that the non-tangential maximal functions and limits are defined for all γ > 1 throughout this article, so we always elide the subscript γ in proper places and denote Γ γ (·) only by Γ(·). The boundary data in what follows are uniformly non-tangential. 2.1. Single layer potentials and harmonic Robin problem. Denote the single layer potential of f as follows
where Γ(X) = 1 ωn−1(2−n) |X| 2−n is the fundamental solution of Laplacian for n ≥ 3,
is the surface area of the unit sphere S n−1 in R n , and dσ is the surface measure of ∂D.
It is well known that the non-tangentially positive and negative boundary values of ∂ ∂NP Sf exist and can be formulated by
for any f ∈ L p (∂D) with 1 < p < ∞, where
and N P denotes the unit outward normal of ∂D at P .
By the deep result of Coifman, McIntosh and Meyer [5] , the operator K * is bounded from L p (∂D) to L p (∂D). Just in order to apply the method of layer potentials (indeed, the boundary integral method) to solve Dirichlet and Neumann problems on Lipschitz domains, Verchota, Dahlberg and Kenig studied the invertibility of the traces of the classical layer potentials (including single and double layer potentials). More precisely, some parts of their results are stated in the following lemma.
Lemma 2.1. ( [7] and [29] ) Let D be a bounded Lipschitz domain (or Lipschitz graph domains), their exists an ǫ > 0 depending only on the dimension n and the Lipschitz character L of D, such that the operators ±
∂D) are invertible for any 1 < p < 2 + ǫ. Moreover, the single layer potential S :
is invertible for any 1 < p < 2 + ǫ, where K is the adjoint operator of K * .
Suppose that the Robin coefficient b satisfies the following conditions:
b ∈ L n−1 (∂D) if 1 < p < 2 and n ≥ 4, or 1 < p < 2 and n = 3; (2.9) b ∈ L s (∂D) for some s > 2 if p = 2 or n = 3. 
where D is a domain in R n with boundary ∂D, f, g are given functions in some certain function spaces defined on ∂D. Thus it must be needed to introduce some new ideas in order to solve polyharmonic (or general higher order elliptic) BVPs by using the method of layer potentials, which will include the self developments of the theory of layer potentials.
2.2.
Polyharmonic fundamental solutions and multi-layer S-potentials. In [10] , Du explicitly represents the fundamental solutions for polyharmonic operators ∆ m , 2 ≤ m < ∞, in a new and different form although they have been presented in many early literatures with very vague coefficients (for instance, see [2] and [27] ). Then multi-layer S-potentials (higher order analog of the single layer potential S) are firstly introduced in terms of these fundamental solutions. More precisely, Set (2.10)
for any s ∈ R. For X, Y ∈ R n , denote (2.11)
For m ∈ N and m ≥ 2, define
if n is odd, and
if n is even, where (2.14)
It is also obvious to that 
where 1 ≤ j < ∞, K j is the jth order polyharmonic fundamental solution, dσ is the surface measure on ∂D, and f ∈ L p (∂D) for some suitable p. M j f is called the jth-layer S-potential of f . Obviously, M 1 is just the classical single layer potential S.
Multi-layer S-potentials M j have some nice properties stated in the following lemma.
Lemma 2.5. ( [10] ) Let D be a bounded Lipschitz domain with connected boundary ∂D, then (1) ∂ ∂NP M j f (X), 2 ≤ j ≤ n, has the non-tangential limit when X ∈ D nontangentially approaches to almost every point P ∈ ∂D. More precisely, (2.17) lim
L p polyharmonic Robin problems on Lipschitz domains
In this section, we will solve the following polyharmonic Robin problems with L p boundary data on Lipschitz domains:
, where D is a bounded Lipschitz domain, ∆ is the Laplacian, h j ∈ L p (∂D) with some p ∈ (1, ∞), the Robin coefficients b j satisfies some appropriate conditions for any 0 ≤ j < m, the constant C in the estimate depends only on m, n, p and the character of D.
Denote Robin boundary operators R bj = ∂ ∂NP + b j (P ) = ∇, N P + b j (P ), 0 ≤ j < m, then more precisely, we have
p (∂D) with 1 < p ≤ 2, and the Robin coefficients b j satisfy the conditions (2.7)-(2.9) for any 0 ≤ j < m, then there exists a solution for the polyharmonic Robin problem (3.1), and the solution can be represented as 
in which M (∇u) is the non-tangential maximal function of ∇u on ∂D,
2) with (3.3) and (3.4) is unique under (3.6), and unique up to a constant under (3.5) or (3.7).
Proof. For the existence, denote the solution in form as
for some functions h j , 0 ≤ j ≤ m − 1 to be given below, where M j is the jth-layer S-potential. Taking the polyharmonic operators ∆ l , 0 ≤ l ≤ m, on two sides of (3.8), in form, we have
Thus for almost everywhere P ∈ ∂D and X ∈ Γ(P ), let the Robin differential operators R bj , 0 ≤ j < m, acting respectively on two sides of the former m identities in the above system, viz.,
. Taking X ∈ D converge to P ∈ ∂D non-tangentially, together with the boundary data of (3.1), then
By the invertible property of T and where 1 < p ≤ 2, and the constants C and C depends only on m, n, p and D.
Similarly, by Lemmas 2.2-2.4, we can also obtain the estimates (3.6) and (3.7). It is easy to get that the solution (3.2) is unique under (3.6), and unique up to a constant under (3.5) or (3.7). Thus the theorem is completed.
The C 1 domains case
When Lipschitz domains D are replaced by C 1 domains, the polyharmonic Robin problems (3.1) can be also solved with boundary data in L p (∂D) for any 1 < p < ∞. 
